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A few words about Homotopy Type Theory and why do we
care

So what is Homotopy Type Theory?
Homotopy type theory is an extension of Martin-Löf Type Theory
with the addition of Higher Inductive Types and the Univalence
Axiom.

Homotopy Type Theory, which I’ll be referring to as HoTT from
now onwards, lets us view type theory from the perspective of
homotopy theory, and vice versa.
So we view types both as propositions and spaces.
HoTT gives us new mathematical foundations. Briefly speaking,
it’s different from set theory because, along with having elements,
types also possess collections of identifications which have an
∞-groupoidal structure.
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Models of HoTT

So, what does it mean to have a model of Homotopy Type Theory?
Classically it’s well known that an internal language of locally
cartesian closed categories is an extensional variant/form of
dependent type theory.
Moving from extensional to intensional type theory, the models are
certain (∞, 1)-categories.

It turns out that for a presentable and locally cartesian closed
(∞, 1)-category, there’s a presentation by a type-theoretic model
category, thus giving us categorical semantics of HoTT.
Now, if we include the univalence axiom, we get categorical
semantics in (∞, 1)-topoi.
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Models of HoTT

So, generally speaking, for a model, we’re interested in having an
(∞, 1)-category where we can interpret our type-theoretic
constructions.
It’s obvious for some constructions. For example

1. + and ×-types correspond to coproducts and products in
(∞, 1)-categories.

2.
∏

types correspond to local cartesian closure
3. The natural numbers type N corresponds to NNO (Natural

Number Object).
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Models of HoTT

For some constructions like univalent universes, we encounter a
problem.
Type theoretic constructions being very strict in nature cause a
problem as generally speaking (∞, 1)-categories are very non-strict.

It’s important to note that we already have strictness issues
because of function types (with the η-rule) as their composition
must be strict, and in an (∞, 1)-category, we’ve composition up to
a contractible space of choices.
To solve this problem, we work with model categories, which are
strict 1-categories.
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Models of HoTT

Some important models up to now are as follows: (I won’t be able
to talk in length about them)

• Arndt–Kapulkin introduced the notion of a logical model
category and showed that they model id, Σ, Π-types.

• Shulman introduced the notion of a type-theoretic model
category (which we heard about earlier), where Π-types satisfy
function extensionality.

• Shulman–Lumsdaine introduced the notion of a good model
category which models some HITs like the circle. Also, they
introduced the notion of an excellent model category (which is
just a combinatorial good model category) which is a model
for more HITs, like truncations.

• Shulman introduced type-theoretic model topoi (TTMT),
which encompassed all the previous models and also modelled
strict univalent universes.
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Models of HoTT

• Shulman’s model provided a way to see HoTT as an internal
language for reasoning in Grothendieck (∞, 1)-topoi, i.e.,
every Grothendieck (∞, 1)-topos can be presented by a model
structure that interprets HoTT with strict univalent universes.

• Awodey had conjectured that there must be a notion of an
elementary (∞, 1)-topos such that we’ve semantics of HoTT
with univalent universes in them.

• Rasekh developed a theory of elementary higher topoi, which
ended up being the right model for HoTT.

• Cherradi recently settled this problem by proving the
existence of an elementary (∞, 1)-topos semantics of HoTT.

• In this talk I’ll be talking about a realizability model of HoTT,
which is currently a work in progress.
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What is Realizability?

We can trace back the origins of Realizability to Stephen Cole
Kleene who invented it in 1945. It came as an attempt to relate
intuitionistic number theory and the theory of recursive functions.

It can be seen as some sort of a formalization of the
Brouwer–Heyting–Kolmogorov (BHK) interpretation of
intuitionistic mathematics. Now the BHK-interpretation of
intuitionistic logic is like a inductive description of proofs of
formulas in intuitionistic mathematics.
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What is Realizability?

The BHK interpretation
• A witness of X ∧ Y is a pair ⟨x , y⟩, where x is a witness of X ,

and y is a witness of Y .

• A witness of X ∨ Y is a pair ⟨p, q⟩, such that either p = 0 and
q is a witness of X or p = 1 and q is a witness of Y .

• A witness of X → Y is a function h that maps a witness x of
X to a witness h(x) of Y .

• A witness of ∀aX (a) is a function h that maps any object z to
a witness h(z) of X (z).

• A witness of ∃aX (a) is a pair ⟨z , h⟩ such that h is a witness of
X (z).

• A witness of ¬X is a function that maps a witness of X to a
proof of ⊥.

• there’s no witness of ⊥
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Realizability

The basic premises of realizability is to replace these witnesses by a
precise mathematical object S and the propositions as subsets of
this object.

This mathematical object is our untyped model of computation.
The structure (S, ⋆), where ⋆ is a partial binary operation is called
a Partial Combinatory Structure (PCA).
From these we can build a category of assemblies about which I’ll
talk about in the next section, which we denote by Ass(S), which
gives us semantics of constructive logic.
Roughly speaking, assemblies are a tuple of sets and maps that
map objects of the set to an inhabited subset. An object in this
subset is said to realize the initial object of interest of X (we use
the ⊩ operator to denote realizability).
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Realizability and Topos theory

Around 1980, Hyland, Johnstone and Pitts revolutionized the
theory of realizability by combining realizability and topos theory.

They constructed an elementary topos whose internal logic was
related to recursive function theory. They called it the effective
topos (denoted by Eff) aka a topos for number realizability.
Crucially this is an elementary topos which isn’t a Grothendieck
topos.
An attempt to generalise this construction gave way to the birth of
Tripos Theory, again by Hyland–Pitts–Johnstone. This meant that
each PCA would give rise to an associated realizability topos.
Since the discovery of Eff, many variations of realizability have
come into existence, which includes function realizability, which is
our flavour of interest.
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PCAs and Assemblies

We begin this section by defining PCAs which are the canonical
objects we build realizability models over and which give us a
notion of “untyped model of computation”. We first define Partial
Applicative Structures (PAS):

Definition
A PAS is a set Z equipped with a partial binary operation

⋆ : Z × Z → Z

The application of ⋆ is generally denoted by juxtaposition. If for
a, b ∈ Z,(a, b) ∈ dom(⋆), we denote that by ab ↓.
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PCAs and Assemblies

Definition
A PAS Z is said to be combinatory complete if for every variable e
and expression k over Z there exists an expression k ′ over Z whose
variables are those of k excluding e such that k ′ ↓ and
k ⋆ z ≃ k[z/e] for all z ∈ Z

Now we’re in a position to define a PCA:

Definition
A PCA is a PAS which is combinatory complete.
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Some examples of PCAs

Examples
1. The first Kleene algebra K1 = (N, ⋆) is an example with the

application defined as

n ⋆m ≃ {n}(m)

2. The closed applications of λ-calculus form a PCA Λ with the
application being a total operation from λ-calculus.

3. The Baire space B aka the second Kleene algebra K2 is
another example with the underlying space being NN. We’ll
talk about it in detail soon.
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Assemblies

Definition
An assembly is a pair (X , f ), where X is a set, and f a map
X → P⋆(A), where P⋆(A) is the set of inhabited sets of A.
A morphism σ, between assemblies (X , f ) and (Y , g) is a map
X → Y such that there exists a ∈ A, such that for all x ∈ X and
y ∈ f (x), a · y is defined and belongs to g(σ(x)).

Assemblies over a (weak) PCA say A form a category Ass(A), with
the composition and identities inherited from Set.
In fact, if we add that objects x , y ∈ X are equal whenever
f (x) ∩ f (y) is non-empty, we get a nice subcategory of Ass(A)
Mod(A) of modest sets.
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Assemblies

We now talk about some important properties of this category and
give examples before moving on to tripoi:

Lemma
For any (weak) PCA say A:

1. Ass(A) is cartesian closed.

2. Ass(A) has all finite limits. In fact, Mod(A) is closed under
finite limits taken in Ass(A).

3. Mod(A) and Set are reflective subcategories of Ass(A).
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Assemblies

We now see some concrete examples of assemblies

Examples
1. In Ass(A) we’ve an realizer object RA with the underlying set

being A and the map being f (a) =↓ {a}

2. Also we’ve the assembly with underlying set N and the map
defined as n 7→↓ {n̄} in Ass(A).
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Realizability tripoi and topoi

We begin this section by defining a tripos.

We denote the category of preorders and monotone maps by
PreOrd and the category of pre Heyting algebras and structure
preserving maps up to an isomorphism by pHa.

Definition
A tripos over a cartesian closed category X is a pseudofunctor
T : X op → pHa such that:

• For a morphism f : A → B in X , f ∗ has a left adjoint ∃f and
a right adjoint ∀f , such that they satisfy the Beck–Chevalley
conditions, i.e., for every pullback square:

P A

Q B

h

k f

g

we have g∗∃f ∼= ∃kh∗ and g∗∀f ∼= ∀kh∗



Realizability tripoi and topoi

We begin this section by defining a tripos.
We denote the category of preorders and monotone maps by
PreOrd and the category of pre Heyting algebras and structure
preserving maps up to an isomorphism by pHa.

Definition
A tripos over a cartesian closed category X is a pseudofunctor
T : X op → pHa such that:

• For a morphism f : A → B in X , f ∗ has a left adjoint ∃f and
a right adjoint ∀f , such that they satisfy the Beck–Chevalley
conditions, i.e., for every pullback square:

P A

Q B

h

k f

g

we have g∗∃f ∼= ∃kh∗ and g∗∀f ∼= ∀kh∗



Realizability tripoi and topoi

We begin this section by defining a tripos.
We denote the category of preorders and monotone maps by
PreOrd and the category of pre Heyting algebras and structure
preserving maps up to an isomorphism by pHa.

Definition
A tripos over a cartesian closed category X is a pseudofunctor
T : X op → pHa such that:

• For a morphism f : A → B in X , f ∗ has a left adjoint ∃f and
a right adjoint ∀f , such that they satisfy the Beck–Chevalley
conditions, i.e., for every pullback square:

P A

Q B

h

k f

g

we have g∗∃f ∼= ∃kh∗ and g∗∀f ∼= ∀kh∗



Realizability tripoi and topoi

...continued
• We’ve a generic predicate, i.e. an object say Ω of X and an

element η ∈ TΩ such that for all objects X ∈ X and ζ ∈ TX ,
we’ve an arrow [ζ] : x → Ω such that ζ ∼= T [ζ](η).

Now, realizability tripoi are specific kinds of tripoi, which we define
now:

Defintion
For a (weak) PCA A the realizability tripos F(A) is a functor
F(A) : Setop → PreOrd which sends X ∈ Set to the preorder
(P(A)X ,⊢X ) where f ⊢X g iff there exists a ∈ A such that
∀x ∈ X .∀b ∈ f (x).ab ∈ g(x).
Then for maps say h : I → J in Set the map
F(A)(h) : P(A)J → P(A)I sends f to h∗f .
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Realizability tripos to topos construction

We now explain the tripos-tripos construction for realizability tripoi.

Loosely speaking, it’s like adding quotients of relations.

Tripos-to-topos construction
Suppose we’ve a realizability tripos F(A). Then the associated
realizability topos which we denote by RT(A) has the following
data:
Objects are pairs (A, f ) where A is a set and f ∈ F(A× A) such
that:

• f (a, b) ⊢ f (b, a)

• f (a, b) ∧ f (b, c) ⊢ f (a, c)
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Realizability Topoi

...continued
Morphisms(up to logical equivalence) from (A, f ) and (B, g) are
given by H ∈ F(A× B) such that:

• H(a, b) ⊢ f (x , x) ∧ g(y , y)

• f (a, a′) ∧ g(b, b′) ∧ H(a, b) ⊢ H(a′, b′)

• f (a) ⊢ ∃bH(a, b)

• H(a, b) ∧ H(a, b′) ⊢ g(b, b′)
Moreover an arrow H : A → B is an equivalence class of
functional relations which we denote by [H]

Remark
This construction works for any arbitrary tripos. If we consider
Sub : Ass(A)op → pHa we get a topos Ass(A)(Sub) equivalent to
RT(A)
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Construction using Assemblies

We can also construct RT(A) as follows:

Proposition
For any PCA A, Ass(A) → RT(A) is the ex/reg completion of
Ass(A).

Theorem(Pitts)
For a tripos the associated topos is an elementary topos.
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Function Realizability Topos

The PCA associated to function realizability is K2 aka Kleene’s
second algebra.

Note: Because of the time I’ve I’m skipping the description of K2
I now talk about an important property of RT(K2) that makes it
suitable for being a model of HoTT.

Proposition(Buchholtz-D)
Ass(K2) which is a subcategory of RT(K2) is countably
lextensive(i.e. has finite limits and has van Kampen countable
coproducts).
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Realizability Model

We use the effective model structure on the category of simplicial
objects of Ass(K2) that we denote by sAss(K2) from which we get
an (∞, 1)-category from which we think we get some sort of a
higher realizablity topos maybe by a further localisation (by looking
at the objets)

whose 0-truncated objects recover RT(K2)

Theorem(Gambino-Henry-Sattler-Szumiło)
For a countably lextensive category, the category of simplicial
objects has a proper Cartesian model structure where:

• fibrations are Kan fibrations
• cofibrations are Reedy complemented inclusions
• weak equivalences are weak homotopy equivalences
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Realizability Model

Conjecture (Buchholtz-D)
Ho∞(sAss(K2)fib) is an elementary (∞, 1)-topos.

This would allow us to use HoTT as an internal way of reasoning in
function realizability topoi.
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Relation with number realizability

There is an attempt from our side to relate number realizability to
the model motivated by the following results related to the
Kleene-Vesley topos.

Observation
There’s a logical functor KV = RT((K2)

rec,K2) → RT(K2) and
we’ve a geometrical morphism from Eff to RT(Krec

2 ) which is a
surjection.

This idea is currently in rudimentary stages of progress.
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